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An analysis  is presented of the interaction between longitudinal and t r ansver se  motions of a 
c i rcu la r  cylindrical  shell under impact on the end surface.  At infinite and finite velocit ies of 
perturbat ion propagation along the generat r ix  this analysis  reveals  the instability modes in 
the shell which build up fas tes t  and are  s imi lar  to those revealed if the buckling p rocess  at 
a finite velocity of perturbat ion propagation were  described in the real  t ime of compress ive  
loading action. It is established that a cyl indrical  shell under intensive loading can be simu- 
lated by a rod under  longitudinal impact ( the  s imi lar i ty  pa rame te r s  are  indicated). This con- 
clusion is confirmed by a compar ison  with experimental  resu l t s .  

Elast ic  sys tems a re  charac te r ized  by a selective amplification of c e r t a inh ighe r -o rde r  instability modes 
under conditions of high-intensity loading [1]~ The effect of a wave process  on the buckling of rods and shells 
with a sudden application of a load to an elast ic system has been observed in the experiments  in [2-4]. The 
instability mode has been determined in an asymptotic  representa t ion for a semiinfinite rod, assuming a 
finite velocity of longitudinal perturbat ions [5] and with the aid of ser ies  expansion on a variable interval [6]. 
A problem analogous to the one which will be considered here has been solved numerical ly  in [7]; probably 
because of the low impact ra te ,  no wave generation was observed along the shell. An effect of a wave p ro -  
cess  on the buckling mode is mentioned in [8]. 

1. Formulat ion of the Problem.  The longitudinal and the t r ansver se  motions of a c i rcu la r  cylindrical  
shell a re  described by the following system of equations: 

( w )  vEh 
D w . . . .  ~- i2 - ~ -  R ( i _ v 2 ) u x - t - ( N w x ) x - } - p h w t t = / ( x , t )  (1.1) 

Nx~ --  c-~ Nu = ~p (h / t~) wtt (1.2) 

Here x, t a re  the longitudinal coordinate and the time; u, w are the longitudinal and the t r ansve r se  
displacement of the mean shell  surface with the radius R; the subscripts  re fe r  to differentiation with respec t  
to the respect ive  variables;  E, v, p, a re  the Young modulus, the Poisson rat io,  and the mater ia l  density; D 
is the cyl indrical  rigidity; c = {E/[p(1-v2)]} t/2 is the velocity of sound; f (x ,  t) is a function defined by pe r -  
turbations or  imperfections;  and N is the longitudinal force, defined in the linear approximation by the equa- 
tion 

N -~ [Eh / (i - -  ~)] (u x - ~ w l R )  (1.3) 

The initial and the boundary conditions for the impact state at the t ime of loading a semiinfinite hinge- 
supported shell which had been at r e s t  before the impact are  

w = w t = O  ( t = o , o < x < ~ ) , w = w x x = O  (x--O) 
N = N o = c o n s t  (t>O,x=O), N = A r  t = O  (t=O,x>O) (1.4) 
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Dur ing  the load ing  of the  s h e l l  t h e r e  m a y  a p p e a r  s m a l l  t r a n s v e r s e  l oads ,  the  f o r c e  N o may  be a p p l i e d  
e c c e n t r i c a l l y ,  and  a l so  the shape  of  the  m e a n  s h e l l  s u r f a c e  m a y  d i f f e r  f r o m  an i d e a l  c y l i n d r i c a l  one.  A l l  
t h i s  i s  a ccoun ted  fo r  by funct ion  f (x, t ) ,which  w i l l  be a s s u m e d  g iven .  

Equa t i ons  (1.1) and (1.2) a r e  i d e n t i c a l  to t h o s e  known in w 215 [9] f r o m  the  t h e o r y  of v i b r a t i o n s  of 
c i r c u l a r  c y l i n d r i c a l  s h e l l s ,  w h e r e  the  e x p r e s s i o n s  fo r  the  f o r c e s  at  the  m e a n  s u r f a c e  have  been  l i n e a r i z e d  
t h rough  s u p e r p o s i t i o n s .  

The  so lu t ion  of  p r o b l e m  (1.1), (1.2),  (1.4) b e c o m e s  much  s i m p l e r  when the  long i tud ina l  f o r c e  N(x, t) = 
eons t .  Th i s  can be r e a l i z e d  in two c a s e s .  

1) If  the s h e l l  wa l l  i s s u f f i c i e n t l y  th in  (h /R << 1) to make  the  e x p r e s s i o n  on the r i g h t - h a n d  s ide  of (1.2) 
n e g l i g i b l y  s m a l l ;  then  the  so lu t ion  to the  s i m p l i f i e d  wave  equa t ion  wi th  r e s p e c t  to the long i tud ina l  f o r c e  fo r  
the  s h e l l  u n d e r  cond i t ions  (1.4) b e c o m e s  

N = N O = const 

2) If the  p e r t u r b a t i o n s  a r e  p r o p a g a t e d  a long the  s h e l l  a t  an in f in i te  ve loc i t y ;  t hen  we have  f r o m  the  
equa t ion  of mo t ion  

u~.r - -  vw~ / R = ut~ / c ~ 

tha t  N = N O = c o n s t  a t  c ~  ~ ( s ee  (1.3)). 

2. A n a l y s i s  of  Buck l ing  Modes  u n d e r  a C o n s t a n t  F o r c e .  We c o n s i d e r  the  equa t ion  of d y n a m i c  i n s t a -  
b i l i t y  fo r  a s h e l h  

D [wxxx~ + 12 (l - -  v ~) R-2h-2wl + Now~x -{- phwtt = f* (x, t) 
. ( 2 . 1 )  

Thi s  equa t ion  has  been  ob t a ined  by e l i m i n a t i n g  u x f r o m  (1.1) wi th  the  a id  of (1.3), a n d f * ( x ,  t) deno te s  
t h o s e  c o m p o n e n t s  which  a r e  i ndependen t  of w.  

The  i n i t i a l  and the  b o u n d a r y  cond i t ions  fo r  Eq.  (2.1) a r e  (L is  the  s h e l l  length) 

w=wt- - - - -O ( t = 0 , 0 ~ x ~ L ) ,  w = w x x = 0  (x=0,  L) (212) 

The  so lu t i on  to  p r o b l e m  (2.1), (2.2) is  sought  in the  f o r m  

c o  

mn~ (m = 1, 2 . . . .  ) (2.3) w = F, qm (t) W ~  (x), W ~  (x) = s in  - Z -  
m = l  

H e r e  W m a r e  the  i n s t a b i l i t y  m o d e s .  

We now a n a l y z e  the  b e h a v i o r  of a s h e l l  u n d e r  i n t e n s i v e  load ing ,  i . e . ,  u n d e r  N o > N* wi th  N* = 413(1 -  
u2)]1/2 DR- lh-1  be ing  the c r i t i c a l  E u l e r  load .  

Of i n t e r e s t  d u r i n g  the  ac t i on  of  h i g h - i n t e n s i t y  l oads  N o >N* a r e  t h o s e  d e g r e e s  of  f r e e d o m  in the  s y s t e m  
( i n s t a b i l i t y  modes)  which  c o r r e s p o n d  to a f a s t  i n c r e a s e  of  d e f l e c t i o n s  [1]. The  f a s t e s t  g r o w i n g  i n s t a b i l i t y  
mode i n c r e a s e s  e x p o n e n t i a l l y  wi th  the  index  ~ ,  wi th  

RZh ~ ph (~14 - -  t), ~lz = N* (2.4) 

Index d0 of  the  f a s t e s t  g r o w i n g  mode  in a r o d  i s  

~4EI 4 
O~o 2 = ~ (2.5) 

The d e s i g n a t i o n s  a r e  the  s a m e  h e r e  a s  in [1]. The  i n s t a b i l i t y - m o d e  n u m b e r s  fo r  (2~4) and (2.5) a r e  
r e s p e c t i v e l y  

m~ _ 2,1 ~ [3 (i --  v2)] '/~ L 2 ,i 2 
- -  ~2 8 h  ' m o  ~ =  - ~ "  ( 2 . 6 )  
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The d y n a m i c  i n s t a b i l i t y  m o d e s  and the r a t e s  of d e f l e c t i o n s  in a c i r c u l a r  c y l i n d r i c a l  s h e l l  can  be d e -  
t e r m i n e d  e x p e r i m e n t a l l y  by s u b j e c t i n g  r o d s  to i n t e n s i v e  load ing ,  wi th  the s h e l l  s i m u l a t e d  by a r o d  whose  
p a r a m e t e r s  a r e  such  tha t  c~ = ~0 and m = m 0 [ see  E q s .  (2.4)-(2.6)l .  l i t  i s  to be no ted  tha t  the  e q u a l i t y  ~ = c~ 0 
is  a p p r o x i m a t e l y  s a t i s f i e d  when ~2 >> 1. 

3. A n a l y s i s  of  I n s t a b i l i t y  Modes  with  the  I n t e r a c t i o n  be tween  Long i tud ina l  and T r a n s v e r s e  Mot ions  
T a k e n  into Accoun t .  In the  c a s e  of t h i n - w a l l e d  s h e l l s  (e = h /R  << 1) the  r i g h t - h a n d  s ide  of  Eq.  (1.2) is  z e r o ,  
to the  f i r s t  a p p r o x i m a t i o n .  F o r  a n a l y z i n g  the  so lu t ion  to  Eq.  (1.1) wi th  r e l a t i o n  (1.3) a p p l i c a b l e ,  we m a y  
u s e  the  me thod  of n o n s t e a d y  d e f o r m a t i o n s  on a v a r i a b l e  i n t e r v a l  [5, 6]. 

The  so lu t i on  to the  wave  equa t ion  (1.2) wi th  the i n i t i a l  cond i t ions  (1.4) w i l l  be sought  in the  f o r m  

N = N ,  + eN1 (3.1) 

The  f i r s t  t e r m  N ,  h e r e  d e s c r i b e s  the p r o p a g a t i o n  of  the  b o u n d a r y  mode  a long  a r o d  ( see  (1.4)) : 

" N ,  = No (z<ct), N ,  = 0 (x~ct)  (3.2) 

The  second  t e r m  i s  the  so lu t i on  to the nonhomogeneous  equa t ion  (1.2) wi th  a known r i g h t - h a n d  s ide :  

t x + e  ( ~ - ' 0  

I 
0 x - c  ( t - ~ )  

In o r d e r  to ob ta in  func t ion  w~t in (3.3), one ex t ends  funct ion  wt t  oddw i se  o v e r  the  e n t i r e  x a x i s .  If w t t -  
0 a t  x> -e t ,  then  N l = 0  a t  x > - c t .  

R e p r e s e n t i n g  the so lu t i on  to Eq.  (1.2) in the  f o r m  (3.1) is  v a l i d  un t i l  N0 /N >- 1. It m u s t  be noted  tha t  
s m a l l n e s s  of the  s econd  t e r m  in (3.1) i s  e n s u r e d  by the f ac t  t ha t  the  s h e l l  is  t h i n - w a l l e d .  

As  i s  w e l l  known, f l e x u r a l  p e r t u r b a t i o n s  de f ined  by  Eq.  ( lo l )  a t  x > c t  a r e  i n s i g n i f i c a n t .  F u r t h e r m o r e ,  
in a m o r e  p r e c i s e  f o r m u l a t i o n  of the  p r o b l e m  t h e r e  a p p e a r  d y n a m i c  equa t ions  of the  T i m o s h e n k o  k ind  for  a 
b e a m ,  f r o m  which  i t  fo l lows  tha t  the  f l e x u r a l  p e r t u r b a t i o n s  p r o p a g a t e  a t  a f in i te  v e l o c i t y  c .  l ower  t h a n e  ( e .<  
c).  T h e r e f o r e ,  we wi l l  a n a l y z e  the  so lu t i on  to Eq.  (1ol) in t e r m s  of s e r i e s  de f ined  on a v a r i a b l e  i n t e r v a l  [6]. 

A f t e r  e l i m i n a t i n g  u x f r o m  Eq.  (1.1) w i t h  the a id  of  r e l a t i o n  (1.3), we ob t a in  

D [w . . . .  + t2  (1 - -  ~ )  R-2h-2w] + (Nw~)~ + phwtt =- [* (x, t) (3.4) 

H e r e f * ( x ,  t) is  a funct ion  which  depends  on the long i tud ina l  f o r c e  N. If the  r i g h t - h a n d  s ide  in (1.1) 
f ( x ,  t) ~-0 a t  x < c t ,  t h e n f * ( x ,  t) - 0 a t  x > ct  in (3.4). Consequen t ly ,  fo r  Eq.  (3.4) the  p r o b l e m  is  f o r m u l a t e d  
on a v a r i a b l e  i n t e r v a l .  The  b o u n d a r y  cond i t ions  fo r  th i s  p r o b l e m  a r e  

w = w ~ = O  (x=o) ,  w = w x = O  ( z = l = c t )  (3.5) 

The  i n i t i a l  cond i t ions  a r e  z e r o - v a l u e  cond i t i ons ,  n a m e l y :  

w =  w t = O (t =O) 

s h e l l .  

(3.6) 

F o r  expand ing  the  s o l u t i o n  to p r o b l e m  (3.4)-(3.6) into a s e r i e s ,  we need  the  i n s t a b i l i t y  m o d e s  in the  
We wi l l  now e x a m i n e  t h e s e  m o d e s :  

0 D [Wxxxx + i2 (1 - -  ~2) B-~h-~WO ] + ~WOx = 0 (3.7) 

W ~ = W ~  = 0 (~ = o), W ~ = W~~ 0 (~ = z) 

R o o t s  kj (j = 1, 2, 3, 4) of  the  c h a r a c t e r i s t i c  equa t ion  fo r  (3.7) b e c o m e  p u r e l y  i m a g i n a r y  a t  ) ~  oo: 

kl,~ = ! iko; k3,4 = +_ ikl, ko ~ ]/'~, k t ~  0 ( ; ~  oo) 

S t r a i g h t  c a l c u l a t i o n s  show tha t  the  n a t u r a l  m o d e s  of a r o d  and of  a c y l i n d r i c a l  s h e l l  c o n v e r g e  a s y m p -  
t o t i c a l l y  a t  k ~ o o .  The  a s y m p t o t e  of t h e s e  m o d e s ,  W ~ s in  m~rx/ l ,  s a t i s f i e s  the  cond i t ions  of a h inged  s u p -  
p o r t  a t  both  e n d s x = 0 ,  l :  W ~  ~  
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Let us express  the solution to problem (3.4)-(3.6) in the form 

w = ~ Wm (x, t) qm(t) (3.8) 

where Wm(X, t) a re  the eigenfunctions of the following problem: 

O [W . . . .  § i2 (l -- v 2) R-2h-2W] + A [l + es(x, t)] Wxx ---- 0 

W = W~x = 0 (X = 0, l), s (x, t) = N~ / No (3 .9 )  

In o rder  to obtain the eigenfunctions and the eigenvalues of problem (3.9), we make use of the per turba-  
tion theory [10]: 

W ~  (x, t) = W J  (z ,  t) + ~ W ~  ) (z ,  t) + . . . .  A ~  = k ~  + eke)  4 . . .  (3 . l o )  

Here W~n and ;~m are  the asymptotes  of the natural  instability modes and of the eigenvalues in prob-  
lem (3.7)~ In Eq. (3.9) and in relat ions (3.10) t is t reated as a pa ramete r .  

We now inser t  ser ies  (3.8) into Eq. (3.4), and in ser ies  (3.10) we d is regard  derivat ives with respec t  
to t ime which are  of the o rder  of ~; this means that all the useful information about the growing instability 
modes is contained in the function qm(t). The orthogonality condition for Win(x, t) on a variable interval 
yields a system of ord inary  differential equations for qm(t): 

.'.: + {'[ (-7-)' § ,. (,-.')l ,_ (3.11) 

Here the smal l  t e r m  es*(t) is re la ted to the variabil i ty of the longitudinal force N [see (3.1)] and ac -  
counts for the interaction between the various instability modes in the shell (degrees of f reedom in the sys -  
tem). For  sufficiently thin-walled shells (~ << 1) this t e rm may be omitted. F r o m  the simplified Eq. (3.11) 
we find the fastest  growing instability modes in a shell [5]. It is easy to show that for these modes the rat io 
l / m  remains  constant [see (2.4) and (2.6)]: 

l n (Rh) V" 
m ~] [12 (l -- vg] '/4 (3.12) 

The revealed instability mode always occurs  in a shell because of the nonlinear t e rm es*(t) present  
in Eq. (3.11), even when initial i r regular i t i es  stimulate the development of one or severa l  instability modes. 
The effect due to initial i r regular i t ies ,  perturbat ions in the motion, and variabi l i ty  of force N are  all de- 
scribed by the functionsor m(t ) . 

It follows from relat ions (3.12) that to the f i rs t  approximation the nodes (the nulls of the flexure func- 
tion) are  fixed in position, and this agrees  with the experimental  resul ts  in [4]. Therefore ,  we will seek the 
approximate solution to Eq. (3.4) in the form 

w (x, ~) = 0 (~)W* (x), w *  (z) = s in  ~ x  / l* (0 < x < ~), W *  (x) = 0 

Here T is the rea l  t ime of action of the compress ive  force N, i.e., 

- - - - t - - x / c  

(~ > l) 
(3.13) 

(3.14) 
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In Eq. (3.4) we now introduce var iables  x and •. Disregarding the second-degree  t e rms  (h/l* << 1), 
we obtain an equation which is formal ly  identical to Eq. (3.4) with t replaced by T. We seek a solution to 
this equation in the form (3.13), applying for this purpose the Bubnov-Galerkin method. In this way, function 
Q(T) is found f rom the solution to the problem 

Q"-a2Q= F(~), Q =  Q ' =  O, ~ = 0  

The solution to this problem is obvious. 

Typical  buckling modes in shells at var ious  instants of t ime are  shown in Figs.  1 and 2 with the co-  
ordinates w ,  = w/Q(t e) and x .  = x/l*; the dashed curves represen t  the amplitude distribution of a selected 
instability mode along the shell. In Fig. 1 curve 1 has been plotted for t ime t = t l, and curve 2 has been 
plotted for t ime t = t 2 = 1.4 t t. The effect of interaction between longitudinal and t r ansver se  motions is shown 
in Fig. 2. At a finite velocity of longitudinal per turbat ions c = c 1 the buckling mode looks like curve 1. For  
c = 2c 1 we have curve 2,and for an infinite velocity c--*~o we have curve 3 (all curves have been plotted for 
one and the same instant of t ime t = t2). The last curve coincides with the buckling mode which has been 
shown by Lavrent 'ev  and Ishlinskii in [1] to grow fastest .  It is to be noted that the per turbed region (w ~ 0), 
which corresponds  to curve 1 in Fig. 2 (and to curve 2 in Fig. 1), propagates  till x = 7l*; a t r ansve r se  mo-  
tion described by curve 2 in Fig. 2 is observed till  x = 14l*; according to [1], the entire shell at once p a r -  
t icipates in the t r ansve r se  motion. 

Qualitative features of the revealed instability mode agree with experimental  resul ts  obtained in lon- 
gitudinal impact loading of rods  (Figs. 6 and 7 in [2] and Figs.  1 and 3 in [3]) and cyl indrical  shells (Figs. 
6 and 7 in [4]). A compar ison with the experiment is valid only for the t ime preceding a ref lect ion of the 
wave. In the experiments in [4] this t ime was approximately 60 ~sec.  
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